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B-RIGIDITY OF FLAG 2-SPHERES WITHOUT 4-BELT
FEIFEI FAN, JUN MA AND XIANGJUN WANG
Abstract. Associated to every finite simplicial complex K, there is a moment-
angle complex ZK . In this paper, we use some algebraic invariants to solve the
B-rigidity problem for some special simplicial compelexes.
1. Introduction
In this paper, we assume K is a simplcial complex with vertex set [m] =
{v1, . . . , vm}, and k is a field unless otherwise stated. Denote by MF (K) the
set of all missing faces of K.
Associated to every finite simplicial complexK, there is a moment-angle complex
ZK . The study of the moment-angle complexes is one of the main problems in toric
topology, and one of the main tool to study this object is the cohomology of ZK .
Around its cohomology, there is a classical problem proposed by Buchstaber in his
lecture note [4].
Question 1.1. Let K1 and K2 be two simplicial complexes, and let ZK1 and ZK2
be their respective moment-angle complexes. When a graded ring isomorphism
H∗(ZK1 ; k) ∼= H∗(ZK2 ; k) implies a combinatorial equivalence K1 ≈ K2?
Let us call the simplicial complex giving the positive answer to the question
B-rigid over k (if k = Z, simply refer to it as B-rigid).
Because the topology of a moment-angel complex ZK is uniquely determined by
its underling simplicial complex K, the answer to this question can be a guideline
for the following important problem in toric topology.
Question 1.2. Suppose ZK1 and ZK2 are two moment-angle manifolds such that
H∗(ZK1) ∼= H∗(ZK2)
as graded rings. Are ZK1 and ZK1 homeomorphic?
In this paper we study the B-rigidity of a special kind of simplicial complexes:
flag 2-spheres without 4-belt by following the technique in [7, §7].
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2. Definitions
Definition 2.1. Given a subset I ⊆ [m], define KI ⊆ K to be the full sub-complex
of K consisting of all simplices of K which have all of their vertices in I, that is
KI := {σ ∩ I | σ ∈ K}.
Definition 2.2. A full subcomplex KI of K is called an n-belt of K, if KI is a
triangulation of S1 with n vertices.
Definition 2.3. The face ring (also known as the Stanley-Reisner ring) of a sim-
plicial complex K is the quotient ring
k(K) := k[v1, . . . vm]/IK
where IK is the ideal generated by the monomials vi1 · · · vis for which {vi1 , . . . , vis}
does not span a simplex of K.
To calculate the cohomology of ZK , Buchstaber and Panov [5] proved the fol-
lowing
Theorem 2.4 (Buchstaber-Panov, [9, Theorem 4.7]).
H∗(ZK ; k) ∼= Tor∗, ∗k[m](k(K),k) ∼=
⊕
I⊆[m]
H˜∗(KI ; k)
The second isomorphism (as k-module) in the above theorem was firstly proved
by Hochster [8]. Baskakov [2] defined a natural multiplication structure on the
k-module
⊕
I⊆[m] H˜
∗(KI ; k) so that it can be a ring isomorphism in the above
theorem. It is induced by a canonical simplicial inclusion
η : KI∪J ↪→ KI ∗KJ , I ∩ J = ∅
and isomorphisms of reduced simplicial cochains
µ : C˜p−1(KI ; k)⊗ C˜q−1(KJ ; k)→ C˜p+q−1(KI ∗KJ ; k), p, q ≥ 0
σ ⊗ τ 7→ σ ∪ τ
We call this ring the Baskakov-Hochster ring.
Actually the formula given by Baskakov holds only up to a sign. Buchstaber
and Panov indicated this defect and gave a correction in [6]. F. Fan and X. Wang
[7, Theorem 2.12] gave a more explicit expression for this sign.
Definition 2.5. A simplicial complex K is said to be Gorenstein* over k if for
any simplex σ ∈ K (including σ = ∅)
H˜ i(linkKσ; k) =
{
k if i = dim(linkKσ);
0 otherwise.
If k = Z, then K is simply called Gorenstein*.
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It is easily verified that K is Gorenstein iff K is Gorenstein* over any field k.
In particular, any simpicial sphere is Gorenstein*.
Theorem 2.6 (Avramov-Golod, [3, Theorem 3.4.5]). An (n−1)-dimensional sim-
plicial complex K with m vertices is Gorenstein* over a field k if and only if
Tork[m](k(K),k) is a Poincare´ algebra.
Definition 2.7. Let A be an algebra over a field k. Given a nonzero element
α ∈ A, if a k-subspace V ⊂ A satisfies for any non-zero element v ∈ V , v is a
factor of α (i.e., there exists u ∈ A such that v · u = α), then V is called a factor
space of α in A. Denote by Fα the set of all factor spaces of α. Define the factor
index of α to be
indA(α) := max{dimk(V ) | V ∈ Fα}.
If A =
⊕d
i=0A
i is a graded k-algebra, and α ∈ Aj is a non-zero homogeneous
element, if V ⊂ Ak (k ≤ j) is a factor space of α in A, then V is called a k-factor
space of α in A. Denote by Fkα the set of all k-factor spaces of α. The k-factor
index of α in A is defined to be
indkA(α) := max{dimk(V ) | V ∈ Fkα}
Definition 2.8. Let R be a ring. For an element r ∈ R, the annihilator of r is
defined to be
annR(r) := {a ∈ R | a · r = 0}.
Apparently, if A is an algebra over a field k, then for any element α ∈ A, indA(α)
and dimk(annA(α)) are both algebraic invariants under isomorphisms.
3. Results
The main result of this paper is the following
Theorem 3.1. Let K be a flag 2-sphere without 4-belt. Then for any simplicial
complex K ′, if there is a graded isomorphism:
H∗(ZK) ∼= H∗(ZK′),
then K is combinatorially equivalent to K ′.
To prove this theorem, first we prove it holds for the case K ′ is a simplical 2-
sphere. Second, we prove that for a simplicial complex K ′, if H∗(ZK′ ; k) agree
with some algebraic property of H∗(ZK ; k) with K a flag 2-sphere, then K ′ itself
must be a flag 2-sphere. We separate off the proof into several lemmas.
Lemma 3.2. Let K be a flag 2-sphere with vertex set [m]. Suppose K has no
4-belt. If {v1, v2} ∈ MF (K) and v3 is another vertex of K, then there exists
I ⊂ [m]\{v3} such that {v1, v2} ⊂ I, KI is a triangulation of S1 and H˜0(KJ) 6= 0,
where J = {v3} ∪ I \ {v1, v2}.
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Figure 1
Proof. By [7, Lemma 5.2], there is a subset I ′ ⊂ [m] \ {v3}, such that {v1, v2} ⊂ I ′
and KI′ is a triangulation of S
1. Clearly KI′\{v1,v2} has two components L1 and
L2 which are both the triangulation of D
1. Suppose the vertex sets of L1 and
L2 are U = {u1, . . . , us} and W = {w1, . . . , wt} resp. Set U0 = {v1, v2} ∪ U ,
W0 = {v1, v2} ∪ W . If linkK(v3) ∩ L1 = ∅ or linkK(v3) ∩ L2 = ∅, then we
get the desired I = I ′. So we only consider the case linkK(v3) ∩ L1 6= ∅ and
linkK(v3) ∩ L2 6= ∅.
First we deal with the case that each of linkK(v3) ∩ L1 and linkK(v3) ∩ L2 has
only one vertex, say uk0 and wj0 resp. (which are shown in Figure 1). Apparently
KI′ separates K into two disks K1 and K2 with KI′ as the common boundary.
Suppose v3 ∈ K1. Let Vk0 be the vertex set of linkK2(uk0). Then it is easy to
see that there exist U ′0 ⊂ U0 \ {uk0} and V ′k0 ⊂ Vk0 such that the full subcomplex
restricted on U1 = U
′
0 ∪ V ′k0 ({v1, v2} ⊂ U1) is still a triangulation of D1. Set
Γ1 =
⋃
u∈V ′k0
linkK(u) ∩W.
If Γ1 = ∅, then put I = U1 ∪W0. It is easily verified that I satisfies the condition
in the lemma. Otherwise, for Γ1 6= ∅, since K has no 4-belt, we have wj0 6∈ Γ1
(otherwise K(v3,uk0 ,v,wj0 ) would be a 4-belt for some v ∈ linkK2(uk0)). For simplicity
we may assume Γ1 has only one vertex, say wj1 with j1 < j0. Since K has no 4-
belt, v3 6∈ linkK1(wj1) (otherwise K(wj1 ,v3,uk0 ,v) would be a 4-belt for some v ∈
linkK2(uk0)). Let Sj1 be the vertex set of linkK1(wj1). As before we can find
W ′0 ⊂ W0 \ {wj1} and S ′j1 ⊂ Sj1 such that the full subcomplex on W1 = W ′0 ∪ S ′j1
({v1, v2} ⊂ W1) is a triangulation of D1. Set
Ω1 =
⋃
w∈S′j1
linkK(w) ∩ (U1 \ {v1, v2}).
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If Ω1 = ∅, then put I = W1 ∪ U1, we get the desired I. Otherwise for simplicity
we may assume Ω1 has only one vertex uk1 (clearly k1 < k0). Let Vk1 be the vertex
set of linkK2(uk1), then as before we can find U
′
1 ⊂ U1 \ {uk1} and V ′k1 ⊂ Vk1 such
that the full subcomplex on U2 = U
′
1∪V ′k1 ({v1, v2} ⊂ U2) is a triangulation of D1.
Set
Γ2 =
⋃
u∈V ′k1
linkK(u) ∩ (W1 \ {v1, v2}).
If Γ2 = ∅, then put I = U2 ∪ W1, we still get the desired I. Otherwise, for
simplicity we may assume Γ2 has only one vertex wj2 (clearly j2 < j1). Let Sj2 be
the vertex set of linkK1(wj2). As before we can find W
′
1 ⊂ W1 \{wj2} and S ′j2 ⊂ Sj2
such that the full subcomplex on W2 = W
′
1 ∪S ′j2 ({v1, v2} ⊂ W2) is a triangulation
of D1. Set
Ω2 =
⋃
w∈S′j2
linkK(w) ∩ (U2 \ {v1, v2}).
If Ω2 = ∅, then we get the desired I = W2 ∪ U2. Otherwise for simplicity we may
assume Ω2 has only one vertex uk2 (clearly k2 < k1). Continuing this procedure if
needed, then after finite step, we can actually get the desired I.
For the general case, we can remove the vertex of linkK(v3) ∩ L1 one by one by
the procedure above. 
Since H∗(ZK ; k) is isomorphic to the Baskakov-Hochster ring
⊕
I⊆[m] H˜
∗(KI ; k),
we do not distinguish these two rings whenever there is no confusion. Define
pJ :
⊕
I⊆[m]
H˜∗(KI ; k)→ H˜∗(KJ ; k)
to be the projection homomorphism.
If K is a flag complex, then for any missing face ω of K (so ω contains only two
vertices), H˜∗(Kω) = H˜∗(S0) = k. Denote by ω˜ a generator of this group.
Lemma 3.3. Let K be a flag 2-sphere without 4-belt. Suppose MF (K) = {ω1, . . . ωn},
and α =
∑n
i=1 ri · ω˜i, ri ∈ k. Define Mα = {i | ri 6= 0}. If |Mα| ≥ 2, then for
each i ∈Mα we have
dimk(annR(ω˜i)) > dimk(annR(α)),
where R = H∗(ZK ; k).
Proof. In this proof, We omit the coefficient ring k in the cohomology groups.
Without loss of generality, we may assume α = ω˜1 + ω˜2, and we only prove the in-
equality for ω˜1. View R as a vector space over k, then we can find a complementary
subspace Vω˜1 of annR(w˜1) in R such that
ann(ω˜1)⊕ Vω˜1 = R.
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It is easy to see that for any β ∈ Vω˜1 , βω˜1 6= 0. In fact, we can choose Vω˜1
properly, such that Vω˜1 has a basis {β1, . . . βs} with the property that for each i,
βi ∈ H˜∗(KIi) for some Ii ⊂ [m]. This procedure can be realized as follows: For
each I ⊂ [m], choose a complementary subspace Vω˜1,I of annR(w˜1) ∩ H˜∗(KI) in
H˜∗(KI), then Vω˜1 can be defined by
Vω˜1 =
⊕
I⊂[m]
Vω˜1,I .
With this assumption on Vω˜1 , it is easily verified that for any β ∈ Vω˜1 , βα 6= 0
(note that βjω˜i ∈ H˜∗(KIj∪wi)). Hence, if we can find an element λ ∈ ann(w˜1),
such that for any element β ∈ Vω˜1 ⊕ k · λ, βα 6= 0, then dimk(Vα) > dimk(Vω˜1),
and so
dimk(ann(ω˜1)) > dimk(ann(α)).
Now let us find such an element. Suppose ω1 = {v3, v4} and ω2 = {v1, v2}. Since
ω1 6= ω2, we may assume v3 6= v1, v2. Hence by Lemma 3.2, there is an subset
I ⊂ [m] \ {v3} such that ω2 ⊂ I, KI is a triangulation of S1 and H˜0(KJ) 6= 0,
where J = {v3} ∪ I \ ω2. If v4 ∈ I \ ω2, take λ to be a generator of H˜0(KI\ω2) =
k. A straightforward calculation shows that λω˜2 6= 0 and λ ∈ ann(ω˜1) (since
ω1 ∩ (I \ ω2) 6= ∅). Since for any β1 ∈ Vω˜1 , there exists a subset I0 ⊂ [m]
containing ω1, such that pI0(β1α) 6= 0, but λα ∈ H˜1(KI) (ω1 6⊂ I). Hence for any
β ∈ Vω˜1 ⊕ k · λ, βα 6= 0.
If v4 6∈ I \ ω2, let i : KI\ω1 → KJ be the simplicial inclusion, and let λ be
a generator of H˜0(KJ) such that i
∗(λ) 6= 0. It is easily verified that λω˜2 6= 0
and λ ∈ ann(ω˜1). Hence λα 6= 0 ∈ H˜1(KI∪{v3}). On the other hand, note that
Vω˜1 ⊂
⊕
ω1∩U=∅ H˜
∗(KU), so Vω˜1 · ω˜2 ∈
⊕
v3 6∈U H˜
∗(KU), and so pI∪{v3}(Vω˜1 · ω˜2) = 0.
If v4 6∈ ω2, then clearly pI∪{v3}(Vω˜1 · ω1) = 0; If v4 ∈ ω2, then the full subcomplex
restricted on {v3} ∪ I \ ω1 = I \ {v4} is contractible, so pI\{v4}(Vω˜1) = 0 which
implies that pI∪{v3}(Vω˜1 · ω1) = 0. Hence on either case pI∪{v3}(Vω˜1 · α) = 0. It
follows that βα 6= 0 for any β ∈ Vω˜1 ⊕ k · λ. 
Corollary 3.4. If K and K ′ are both flag 2-spheres without 4-belt, and there is a
graded isomorphism
φ : H∗(ZK ; k) ∼= H∗(ZK′ ; k),
Then for any missing face ω ∈ MF (K), φ(ω˜) = ω˜′ (up to a multiplication) for
some ω′ ∈MF (K ′). Moreover for any n-belt Bn of K (denote by B˜n the generator
of H˜1(Bn; k) = k), φ(B˜n) = B˜
′
n (up to a multiplication) for some n-belt B
′
n ⊂ K ′.
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Proof. Since ω˜ ∈ H3(ZK ; k) and φ is a graded isomorphism, then
φ(ω˜) =
∑
ω′∈MF (K′)
rω′ · ω˜′, rω′ ∈ k.
The first assertion is equivalent to saying that there is exactly one rω′ 6= 0. Suppose
on the contrary, we may assume φ(ω˜) = ω˜′1 + ω˜
′
2. Thus one of ω˜
′
i, i = 1, 2, say ω˜
′
1
satisfies φ−1(ω˜′1) = r · ω˜+ r0 · ω˜0 with r, r0 6= 0, where ω0 ∈MF (K). According to
Lemma 3.3,
dimk(annR(ω˜)) = dimk(annR′(ω˜
′
1 + ω˜
′
2)) > dimk(annR′(ω˜
′
1))
= dimk(annR(r · ω˜ + r0 · ω˜0)) > dimk(annR(ω˜)).
We get a contradiction.
For the second assertion, suppose MF (Bn) = {ω1, . . . , ωt} (clearly t =
(
n
2
)− n).
Note that φ(B˜n) =
∑
i ri · (B˜′n)i, where {(B′n)i} is the n-belt set of K ′ (cf. the
proof of [7, Corollary 7.3]). It is easy to see that ω˜j (1 ≤ j ≤ t) is a factor of
B˜n, and φ(ω˜j) = ω˜
′
j for some ω
′
j ∈MF (K ′). It follows that ω˜′j is a factor of (B˜′n)i
whenever ri 6= 0. This implies that ω′j ∈MF ((B′n)i). So we have
MF ((B′n)i) = {ω′1 . . . , ω′t}, whenever ri 6= 0.
Since a simplicial complex is uniquely determined by its missing face set, then
there is exactly one ri 6= 0, which is the second assertion. 
The next step is to distinguish a class B˜n ∈ Hn+2(ZK ; k) for which Bn is the
link of a vertex of K from another class B˜n for which Bn is an n-belt of K but
not the link of any vertex of K. That is the following:
Lemma 3.5. If K and K ′ are both flag 2-spheres without 4-belt, and there is an
isomorphism
φ : H∗(ZK ; k) ∼= H∗(ZK′ ; k),
then for any n-belt Bn which is the link of a vertex of K, φ(B˜n) = B˜
′
n (up to a
multiplication) with B′n the link of a vertex of K
′.
Proof. As before, suppose MF (Bn) = {ω1, . . . , ωt}. Apparently, the k-subspace
spanned by {ω˜1, . . . , ω˜t} (denoted by VBn) is a maximal 3-factor space of B˜n in
H∗(ZK ; k). Assume Bn is the link of vn+1 and the vertex sets of Bn and starK(vn+1)
are resp. [n] and [n + 1]. Since K has no 4-belt, then for any v ∈ [m] \ [n + 1],
MF (linkK(v)) ∩MF (Bn) = ∅. It turns out that K[n]∪{v} has the form Bn
⋃
σ ∆
i
(i = 0, 1, 2), where {v} ∈ ∆i and σ ∈ Bn. Thus H˜1(K[n]∪{v}) ∼= k. Let
ξv ∈ Hn+3(ZK ; k) be the element corresponding to a generator of H˜1(K[n]∪{v}).
[7, Proposition 3.2] implies that VBn is also a maximal 3-factor space of ξv, and
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it is easy to see that there are exactly m − n − 1 linear independent elements
ξvn+2 , . . . , ξvm ∈ Hn+3(ZK ; k) with this property.
Suppose MF (B′n) = {ω′1, . . . , ω′t}, and the vertex set of B′n is still [n]. From
Lemma 3.3, we have that φ(ω˜i) = ω˜
′
i (up to a permutation). Suppose on the
contrary that B′n is not the link of any vertex of K
′. If for any v ∈ [m] \ [n],
MF (linkK′(v)) ∩MF (B′n) = ∅, then there are exactly m − n linear independent
elements ξ′vn+1 , . . . , ξ
′
vm ∈ Hn+3(ZK′ ; k) such that VB′n = φ(VBn) is a maximal 3-
factor space of ξ′vi for each n+ 1 ≤ i ≤ m. This is impossible since φ is an algebra
isomorphism. Hence there is at least one v ∈ [m] \ [n] such that MF (linkK′(v)) ∩
MF (B′n) 6= ∅. An easy observation shows that there always exists an l-belt (l ≤ n)
B′l (with vertex set L) in K ′ such that v ∈ L and L \ {v} ⊂ [n]. (see Figure 2 for
an example). It is easy to see that MF (B′l) ∩MF (B′n) contains s =
(
l
2
) − 2l + 3
 
v5
v1
v
v2
v3 v4
v6
Figure 2. n = 6, l = 5 and L = {v1, v2, v3, v4, v}
missing faces. We may assume MF (B′l) ∩MF (B′n) = {ω′1, . . . , ω′s}. By Corollary
3.4, φ−1(B˜′l) = B˜l for some l-belt Bl in K, and MF (Bl)∩MF (Bn) = {ω1, . . . , ωs}.
Together with the fact that s =
(
l
2
) − 2l + 3, we can obtain that there is exactly
one vertex v of Bl, which is not in [n + 1]. Thus MF (linkK(v)) ∩MF (Bn) 6= ∅,
and we get a contradiction. Therefore B′n has to be the link of a vertex of K
′. 
Since a belt which is the link of a vertex can uniquely determine a vertex of
K, thus combining all the results above, we can construct a 1-to-1 correspondence
between the vertex sets of K and K ′, ψ : S → S ′, which is induced by the
isomorphism
φ : H∗(ZK ; k) ∼= H∗(ZK′ ; k).
Next we show that
Lemma 3.6. The vertex sets correspondence ψ above is actually a simplicial map,
and so a simplicial isomorphism.
Proof. We only need to verify that for each edge e of K, ψ(e) is an edge of K ′
(since by flagness there is no 3-belt in K and K ′). An easy observation shows
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that if (vi, vj) is an edge of K, then Bni = linkK(vi) and Bnj = linkK(vj) have a
common missing face ω. Thus ω˜ is a common factor of B˜ni and B˜nj , and φ(ω˜)
is a common factor of φ(B˜ni) and φ(B˜nj). However if ψ((vi, vj)) = {v′i, v′j} is a
missing face of K ′, then MF (linkK′(vi′)) ∩MF (linkK′(vj′)) = ∅ since K ′ has no
4-belt (Otherwise if ω′ is a common missing face then K ′ω′∪{v′i,v′j} is a 4-belt). Set
B′ni = linkK′(vi′) and B
′
nj
= linkK′(vj′), then φ(B˜ni) = B˜
′
ni
, φ(B˜nj) = B˜
′
nj
by the
definition of ψ. Note φ(ω˜) = ω˜′ for some ω′ ∈MF (K ′) by Corollary 3.4, it follows
from the fact MF (B′ni) ∩MF (B′nj) = ∅ that φ(ω˜) is not a common factor of B˜′ni
and B˜′nj , a contradiction. 
Proof of Theorem 3.1. Since K is a simplical 2-sphere, H∗(ZK) is torsion free,
hence H∗(ZK ; k) ∼= H∗(ZK) ⊗ k for any field k. It follows that H∗(ZK ; k) ∼=
H∗(ZK′ ; k) for any field k. From [7, Theorem 3.11 and Theorem 5.7], a simplicial
2-sphere K is flag if and only if H˜∗(ZK)/([ZK ]) is a (nonzero) indecomposable
ring. By [7, Corollary 7.3], for any simplicial complex K, there exists an element
ξ ∈ H6(ZK ; k) such that ind3R(ξ) = 2 if and only if there is a 4-belt in K. Hence
we finish the proof of Theorem 3.1 for the case K ′ is a simplicial 2-sphere. 
From the proof of this theorem we also obtain the following:
Corollary 3.7. If K is a flag 2-sphere without 4-belt, then any automorphism of
H∗(ZK) is induced by a combinatorial automorphism of K, i.e.,
Aut(H∗(K)) ∼= Aut(K).
The general case that K ′ is an arbitrary simplicial complex in Theorem 3.1 can
be solved, once we prove the following:
Theorem 3.8. Let K be a simplical 2-sphere, K ′ an arbitrary simplicial complex.
If there is a graded isomorphism:
H∗(ZK) ∼= H∗(ZK′),
then K ′ is also a simplicial 2-sphere.
To prove this, we need a generalization of the famous Lower Bound Theorem in
combinatorial theory, which was first proved by Barnette [1] for simplicial polytopes
Lower Bound Theorem ([1, Barnette]). Let P be a simplicial n-polytope with
m vertices, and let f1 be the number of edges of P . Then f1 ≥ mn−
(
n+1
2
)
.
Actually by using some results about Gorenstein* complexes and following the
line of Barnette’s proof, we can generalize this result to (see this in a forthcoming
paper on Generalized Lower Bound Theorem by F. Fan)
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Theorem 3.9. Let K be a (n − 1) dimensional Gorenstein* complexes with m
vertices, and let f1 be the number of edges of K. Then f1 ≥ mn−
(
n+1
2
)
.
Proof of Theorem 3.8. According to Theorem 2.6, H∗(ZK ; k) ∼= Tork[m](k(K),k)
is a Poincare´ algebra for any field k. Since H∗(ZK) ∼= H∗(ZK′), the argument
in the proof of Theorem 3.1 shows that H∗(ZK ; k) ∼= H∗(ZK′ ; k) for any field k.
Therefore K ′ is also a Gorenstein* complex. By using Theorem 3.9 and applying
the same argument in the proof of [7, Theorem 6.10], we get that K ′ is a simplical
2-sphere. 
Now we give an application of Theorem 3.1 in combinatorial mathematics, which
is related with chemistry and material science (cf. [10] for more studies about this).
Definition 3.10. A (mathematical) fullerene is a simple 3-polytope with all facets
pentagons and hexagons.
Theorem 3.11 ([10, Buchstaber-Erokhovets]). The dual simplicial 2-sphere of any
fullerene is flag and has no 4-belt.
From Theorem 3.1, we immediately get the following
Corollary 3.12. Every fullerene is B-rigid.
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